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COEFFICIENTS OF A RIGID.WING OSCILLATING AT VERY
LOW FREQUENCIES IN TWO-DIMENSIONAL
SUPERSONIC FLOW

By Frank S. Melvestuto, Jr., and Julla M. Goodwin
SUMMARY

Anglytical expressions are presented for the 1ift and pitching-
moment coefficients of a wing of finite thickness performing a plunging
motion and rotary ocscillations about some fixed angle of attack at very
low frequencies in two-dimensional flow.

Calculated 1lift and pitching-moment coefficlents are presented for
the entire range of angle of attack and thickness for which the flow
behind the shock attached to the leading edge is everywhere supersonic,
although the effect of viscous separation at the finite angles of attack
restricts the validity of the results to & much smaller range of these
parameters.

Design charts are presented which permit rapid celculations to be
mede of the aerodynamic coefficients for a glven Mach number, angle of
attack, and thickness. In additlon, some illustratlions are included for
the effect of angle of attack and thickness on the neutral-stability
boundary for slowly osciliating wings.

The results of the analysls and calculations show that for the flat-
plate section and wedge section of finite thickness, lnereasing Mach num-
ber, for a fixed angle of attack of the wing, decreases the positive
(destabilizing) values of the piltching-moment derivative Cng + ep.

and eventually ceuses the valuves of the derivetive to become negative
(stebilizing). For a fixed Mach number, increasing the angle of attack
of the wing in the moderate and high angle-of-attack range decreases the
negative velue of the pltching-moment derivaetive. Thls effect becomes
more predominant with increasing wedge thickness and rearward movements
of the pltching-axis location.
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INTRODUCTION

In récent years conslderable effort has been expended toward the
theoretical calculation of the aerodynamic loads, forces, and moments
acting on oscillating wings in the supersonic speed range. For wings
with little or no thickness st low angles of attack, the calculation of
the aerodynemic coefficients is based upon linearized potential-flow
theory. For & wing with finite thickness in two-dimenslonal flow and at
an angle of attack where the flow behind the leading-edge shock (shock
attached to leading edge) 1s rotational, the application of inviscid
linearized rotational-flow theory permits the evaluation of the aerody-
nemic coefficients.

Considerable Informetlon is now available on the effect of angle of
attack and thickness on the aerodynamic coefficlents of a wing oscillating
et very low frequencles in two-dimensional Tlow, but this information is
scattered throughout the literature. The obJject of the present paper is
to present a collection of most of the pertinent information together with
fairly extensive evaluations of certaln formulas. In addition, it should
be pointed out that all expressions for the aerodynamic coefficients con-
gldered in thils peper have been independently checked, and some additionsl
expressions are derived by extensions of availsble formulas.

The informetion presented hereln covers the effect of angle of
attack on the loads, forces, and moments of a wing performing a plunging
motion and rotary osclllstions at very low frequencies in two-dimensilonal
flow. In addition, the effect of thickness on the aerodynamic coeffi-
cients has been studied through the application of the theory to a wing
with a wedge airfoil section. The results are valid for a range of Mach
number and angle of attack for which the flow behind the leading-edge
shock is everywhere supersonic. (The shock must be attached to the
leading edge.) ¥

The reader should be céautioned, however, that the effect of viscous
seperation at finite angles of attack of the wing probably restricts the
valldity of the results of the analysis to a much smaller range of these
parameters, Some quelitative indications of the effect of viscosity on
unsteady-flow behavior for oscillating wings can be found in reference 1.

SYMBOLS

8 = 1+ KII
M,27(7 - 1)
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: P] - P
Cp,l pressure coefficient of lower surface of airfoil, HV_Q
2 o>
CP u pressure coefficient of upper surface of airfoil,
? Po = Pe P1 = Pe
T for ay > |[8], and T for ag < |5
E pmvoo E pooVOO
ACP pressure difference, Cp,?. - Cp,u
c wing chord
3} 11ft coefficient, ¢, cos ag
acl
clq = N = cnq COB g
2V
®la=0,q
aCz
Cly = o = Cp COS Gg
=g
Bcl
CZ&, = 3 o = cn& cos a_
Voo
A=y
: Pitching moment
Cn pitching-moment coefficient,
L,y 2,2
) Poo¥ o
ey
mg T3 A
Ve
A=
_ [_Scm
A P
Ve
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ey normal-foree coefficlent, Normal fgrce
% PV C
dey
en, =
q d 2§
/A=
o = (acn
n =l
o O A=
dey
Che = -
o \y dc
Ve -
A=Lg
KIa flow parsmeter defined by equation (3)
K1 flow parameter defined by equation (7T)
K11  flow parameter defined by equation (16)
My Mach number behind shock 1n unperturbed flow
Mo ~ Mach number behind expansion fan in unperturbed flow
My free-stream Mach number
m slope of shock, tan B
P pressure behind shock in unperturbed flow
1 .
Po pressure behind expansion fan in unperturbed flow
Pw free-stream pressure
qQ steady pitching anguler velocity
t maximum thickness of airfoll section, 2c tan |5|
Vi velocity behind shock in unperturbed flow

Voo free-stream velocity

)
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rectangular coordinates (see fig. 1)

x-coordinate of pitching axis measured parallel to wing
chord plane of symmetry

angle of attack

fixed angle of attack of airfoil

rate of change of wing angle of attack with time

ratio of specific heats
semiapex angle of wedge section
inclinstion of sirfoll surface to free-stream direction

acute angle between free-stream direction and lower surfeace

of airfoil, aj + |3l

acute angle between free-stream direction and upper surface
of airfoil, o, - |8}

acute angle between free-stream direction and steady-flow
shock direction

density behind shock in unperturbed flow

density behind expansion fan in unperturbed flow

free-stream density

Superscripts:

q

pliching angular velocity

angle of attack

constant vertical acceleration
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PRELIMINARY REMARKS

Sketches of the wing in two-dimensional flow, the coordinate-axis
system employed hereln, and the positive direction of the 1ift and.
pltching moments are presented in flgure 1. The left-hand sketch of
figure 1(a) shows the flat-plate wing section that is used to determine
the effect of angle of attack on the aerodynemic coefficients. In the
right-hand side of figure 1(s) is a sketch of & wing with a wedge cross
section, and it is this distribution of thickness that is used to eval-
uate the effect of thickness on the aerodynemic coefficients at zero and
finite angles of attack.

The results of the analysls, presented in terms of serodynamic
coefficients, are valid for the range of Mach number and angle of attack
for which the leading~ and traillng-edge shocks remsin attached to their
respective edges, provided viscous effects are neglected. Variation of
the maximum inclination of the lower surface at which the shock still
remsins attached with free~stream Mach number is given by the curves in
figure 2 for the flat-plate and wedge sections.

Aerodynamic Coefficients and Wing Motions

Harmonically osclllating wings lead to a netural resolution of the
aerodynemic forcese and moments into in-phase components that depend upon
the instantaneous angle of attack and into out-of-phase components that
depend upon lnstantaneous rate of change of angle of gttack.

The primary interest herein is the evalustion of the out-of=-phase com-
ponents of the oscillatory lift and pitchingemoment coefficients acting
on a wing performing rotary oscillations at very low frequencies in two-
dimensional flow. These aserodynsmic quantities from a flutter stand-
point represent only an approximation, to the first order in frequency,
of the total out-of-phase oscillatory coefficients so important in flutter
studies. For stability investigations, the derivatives of these first-
order 1ift and pitching-moment coefflcients with respect to the veriable
defining the motion are very important and are generelly known as
stability-damping derivatives. The final expressions for the aerodynamic
coefficlents presented herein ere in the derivetive form.

The damping or out-of-phase forces and moments acting on an airfoil
osclllating in pitch may be glven to the flrst order in frequency by the
sum of the forces and moments acting on the airfoil performing plunging
and steady pitching motions. This fact is demonstrated by the following
derivation of the angle-of-attack distribution to the first order in
frequency on a flat-plate airfoil oscilllaeting in pitch about o = 0.
The symbol notetion is clarified by the accompanying sketch;

L4
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2 X=X
a'eh”t
Vo Y i
0 A\t X

The vertical displecement of any point on the wing which is per-
forming small sinusoldal pitching oscillations of small emplitude o'
and frequency o s&bout an axds located at x = x 1is given by

Lot

Z =a (x - %)

The vertical veloclty w on the surface is

it imt

w =Va'e + o' (x - X)e

Expanding €% and neglecting the terms of higher order in o +than
the first results in

v = Va! + ifoVa't + an'(x - X))

To the order of the approximations stated, the first term In the out-of-
phase bracket is the Increment of the total downwash at eny point x pro-
duced as a result of the vertical acceleration assoclated with this point
when the airfoll undergoes an osclllatory rotation about x = X (plunging
effect). In the same sense, the second term in the bracket can be thought
of as the increment of the total downwash at the point x due to a steady
rotation of the wing about the point x = X (steady pitching or camber
effect). This steady-rotation downwash increment results, as does the
vertical-acceleration downwash increment, from.the first-order approxima-
tlon to the osclllatory rotery motion about x = X.

If in the preceding expression w 1is divided by V_, and o 1s
set equael to gq/a' or a&/a', the followlng expression is obtained for
the local angle of attack:

Glocal = o' + i[..,t + -Vq..—(x - iﬂ
o0

It is now clear that the out-of-phese terms in aj,0g7 are the angles
of attack due to plunging and steady pltching, as Iindicated previously.
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Theoretical Considerstions

Some of the conslderatlons employed in the analytlical developments
are available for evaluating the serodynemic coefficients of the wing
and are now summarized briefly. TFull developments of the analyses are
not warranted since they may be found in references 2 to 5.

Along the upper surface of the alrfoil, behind the expansion fan
from the leading edge of the wing and ahead of the strong shock wave
from the trailing edge, the basic unperturbed flow is irrotational. The
perturbed flow resulting from movements of the wing is also irrotational
since any perturbations of the trailing-edgétshock do not produce flow
changes in the wing field. For the upper surface of the airfoil, then,
it is a simple process to evaluate the pressures that glve rise to the
aerodynemic coefficients by an application of linearized supersonic-~flow
theory. This procedure was carried out in reference 4, and in that paper
expressions are presented for the pressures:for the various motions.

Along the lower surface of the wing the unperturbed flow behind the
shock from the leading edge is rotational. It is possible, however, to
determine analytically the pressure distribﬁtion along the lower surface
for time~dependent motions of the wing by a linearization of the equa-
tions of rotational flow, together with a knowledge of the boundary _
values of the perturbed-flow varisbles along the attached shock surface
and ‘wing surfaece. TFull details of the linearization process for the time-
dependent flow equations are given by Carrier in reference 5.

FORMUIAS FOR PRESSURES, FORCES, AND MOMENTS

Forces and Moments Produced by an Incremental Change
From a Finite Angle of Attack

The serodynamlc coefficients associated with an incremental change
in angle of attack have been given in reference 4k, These coefficlents
are reproduced here for the sake of completeness and for use in lster

developments.

Flat-plate section.- The pressure difference in coefficient form Aﬂpa

produced by an incremental change Ao in angle of attack is

_ 2 Pp Mo2 P
- Cpu = _E_2<Ml o Ko - B_a—e = (1)
® €=Ug

ke

o8
I

8
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The corresponding expression for the 1lift coefficlient in derivative

form is
v 2
de P M
bt 2 2lg, 2 P2
1, = e M—:géﬁl PmKa 5y Px) cos ag (2)
€=CLO
The pressure ratios Pl/Pm and pg/pm as functions of M, and a4
are determined from the following relations presented in reference 6:
2 L 2
By, Mo 2 2 e -h(Moeo -1) 2,
= P B - 1)
PMooZ (y + 1) 8 _T+12y 32,6 3 .
.2 - 1)7/2[' 38 2l R
Mw2 + %%65 + . e
2 b 2

Pp Mo 2 (7 + )M = (Ms™ - 1) 5

el 17z € ¥ M 7 €« -

R CEEY 4, - 2)
L] 2 2

ME fre3, 8 5eTro 22,6, 30,

L 2(Mm2_l)7/2|_ 5

(2]

M 2 + %jeB + . .

Y

where € 1in §% and is replaced by o, when substituted into

o]
equations (1) and (2). The quantity Kra has been previously derived

in references 4 and 7. This quantity 1s compactly defined as follows
in terms of 9, M, and e:

M 2sinc(68 - €)sine

Kia ==
T
(1 + Mu2s1n%8)cos(8 - €) + (1 - M 2sin®e)tan 0 sin(0 - €)

(3)

whére 6 1s the angle of the unperturbed lesding-edge shock relative
to the free-stream direction. (See fig. 3.) As in the case of the pres-
- sure ratios, € is replaced by a, when substituted into equations (1)
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and (2). For convenience, Kya has been plotted against e in fig-

ure 4 for a range of free~gstream Mach numbers Mep. Illustrative varila-
tlons of Clq with angle of attack for several Mach numbers are pre-

sented in reference 4.

Wedge section.- Determining the expressions for the pressure due
to the 1ifting motion and 1ift coefficient for the wedge airfoll section
is & simple process once these expressions are available for the flet-
plate alrfoll section (or wedge section at zero angle of attack). In
figure 3 it is seen that the angle of inclination of the lower surface
is €} =ag + + 18] and that the angle of inclinestion of the upper sur-

face of the wedge 1s ¢; =ag - i8] where |8] 1s the absolute value

of the semiapex angle of the wedge. Below the wing, the flow parameters
are M;, pj, end p; and depend upon the shock~flow turning angle

€, = ag + 18]; above the wing when oy > |8|, the flow parameters are
My, Pp, end p, and depend upon the expansion angle ¢, = a, - 18].
For ag < |8], the flow over the upper surface is not expanded but com-

pressed; that is, the upper surface has an attached leading-edge shock,
and the flow parsmeters sare M;, p;, and py and are functions of the

shock-flow turning engle €, = |8| - ag. The expressions for the pres-
sure due to the lifting motion in coefficient form are

a a a
= - C
&p CP:I P,u
M 2
s = -pa B (Mlz b1 KIa.) - (EE— %%) (ao > 181) (ba)
Moo Peo e=€y 2 e=e,

B
e
I

2 2 P1 ) ( 2 Py )
= =My Qﬁ — Kqa + \Mq € = K-.a (wo < I81) (bD)
{1 T =y 1 pe I/ _ -y

The 1lift coefficlents in derivative form corresponding to equations (h)

o DPeo

y 2
2 ( 2 P1 ) Mz P2
ey =--55M," = Ka cos(a,o+I8I)+——2 cos(ao - | 81)
Muo 1P 1 €=€Z Mo €=€u

(e > |8]) (5a)
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5 ( 2 Py ) 2 {, 2P1
e =--2-IM." —=K.a cos(ag + 181) - —\M° = Kra cos(18] - ag)
(¢ 1 sz 1 Py I €=¢€y : Mco L Poo T €= =€,

(ao < I8])  (5D)

where the subscripts on the parentheses indicate the value of € for
P

which M;, Mo, —l, Eg, end K;a are to be determined.
Poo Pco

Forces and Moments Produced by Constant Vertical Acceleration

Flat-plate section.-~ The pressure difference in coefficient form ACPG

produced by a wing moving downward with an infinitesimal constant accelera-
tion In two-dimensional flow is given by

T _ & @ b e 0o
G, = AC - AC ____< N KII = 5@25) x (6)
* €=q

The quantity Kyy which in the present notation may be wriltten as

2
1&& t M
L gin 2p - KIa(l +2 coseﬂ) - = eot B + (Kla)acot 8 Blzsinzﬁ 1- —‘].,_5) - cos2p
2 - My sin B]_ (N

cos?p - B,%Ka % sin 28

Kr1 =

may be obtained from the analysis of reference 3. When equation (7) is
substituted into equation (6), B is set equal to & - a, and Kra is

defined by equation (3) with € set equal to Qge The variation of Kgp
with € for a range of free-stream Mach numbers is presented in figure 5.

The corresponding formulas for the 1ift and pitching—moment coeffi-

cients expressed as rates of change with %& as a approaches zero
o0

are as follows:
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p M, [ooP
__2 "51 1- o [P2P2

® €=G.O

Cpy €08 G (8)

o = (5 - §)ons 9)

The symbol X represents the chordwise distance of the piltch-axis loca-
tion from the leading edge of the wing as shown in figure 1(b). The
positlive direction of pitching moment i1s also indicated in this figure.

c L]
The variation of Sl or the normal—force derivative with angle

cos g
of attack «p for free-stream Mach numbers My d1s shown in fig-

cz- (:Jmc
ure 6. Since & = = for the flat-plate wing, the varlations
cos g X _ 2 .
cy* c 3
of EE:%Z_ in this figure can also be considered as variations of
o)

Qfxt

c.

T 4n which
2.2

¢ 3

with oy &and M, are presented in figures 7 and 8, respectively. Some
illustrative varilations of Cmg, with og and M, for two pitch-axis

locations, & = 0.25 and 0.50, are presented in figures 9 and 10,
respectively.

1s equal to ¢. Some illustrative variations of cls

Wedge section.- The pressure-difference coefficient, 1ift, and
pltching-moment coefficient for the wing having a wedge airfoil section
performing a plunging motion, that is, e motion with constant vertical
acceleration, are determined in essentially the seme way es that described
for the wedge section at a perturbed angle of attack. The pressure-
difference coefficients are

3 . i D1Pq My [P
AC E =28 2 -M\j——-— + | =22 (e > | B 10a.
P 2‘V°° Mao ( 1 pmpoo 1T €=€Z 325 poopoo €=€u O I l) ( )
& &c k4 1P1 P1P1
ACp NVoo Moo < 1¥DePoo II)(_::el * < 1qpm9«. i . (00 < 131)

(100)
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The corresponding lift and pitching-moment derivetives are

13 = °ns cos(cx,o + ]8)- °ngu cos(a.o - !5[) (ao >131) (11a)
el = Cng 4 cos(ag + 181) - °ng u cos(|8| - ap) (ag < 181) (11b)
and

ey = (g os |8} — lS[)(cn&':l cn&,u) (12)

The quantities °ng 1 and cn& u are the normal-force derlvatives of
2 2
the lower and upper surfaces, respectively, of the wing and are equal to

M (;6 P
= of Ly=1-1
cn&"z 2@“ PP I%']) €=¢€;

. = Mo @) > 18l
5, {@\p@m e, (o > 101

_ Ml‘Flpl
ch-L,u - E(ﬁ; PoPos KI]) €==€;; (% < lal)

and equations (11b) and (12)

For zero angle of attack Cne = =Cpe
? &, D,
may be written

i Y AR
(CZ&) =G} ﬁl =5 KII) cos |8
q,o=0 ™ [T o €=€Z

_ _ 2 \(cz&.)cx,o=0
(cmﬁ,)ao___o (g cos |8] 3 cos |51/ cos |3l

The effect of wedge thlckness on the c1s varietion with free-
stream Mach number i1s presented in figure 11 for the wing at zero angle
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of attack. Increasing the wedge angle or thickness increases the nega-
tive value of this derivative at a glven free-stream Mach number. The
effect of wedge thickness on the varlation of the Cmg, derivative with

free-stream Mach number for various positions of the pitch axis is pre-
sented in figure 12 for the wing at zero angle of attack. Figure 13
presents some lllustrative variastions of this derivative wilth wedge
thickness for different free-streem Mach numbers at zero angle of attack.
Figure 14 is an illustration of the variation of cm& with angle of

attack for two thickness ratios and a range of Mach numbers. It should
be emphasized that the validity of these derivatives for the higher
angles of attack considered in these figures is questionable primerily
because of the effect of viscous separation which probably restricts the
usefulness of the results to a much smaller range of angle of attack.

In addition, it should be pointed out that it is realized that the
1k-percent-thick airfoll considered in figures 11 to 14 end in some suc-
cessive figures is an example of extreme thickness; however, the varia-
tions of the derivatives for this thickness are presented in order to
Indicate a relative effect of thickness over a wlde range of the thickness
perameter,

Forces and Moments Produced by Slow Rotary Oscillations

For low-frequency oscillations of the wing, 1t has been demon-
strated (see section entitled "Preliminary Remerks") that the oscillatory
forces and moments mey be approximated by the lineer sum of these quanti-
ties for constant vertical acceleration and steady pitching motion. On
this basis, the oscillatory 1lift and pitching moment 1n derivative form
sppropriate to stebillty studies may be expressed as czq + Cls and

cmq + cmm, respectively.

The aerodynamic surface pressures and the force and moment coeffi-
cients due to piltching have been derived in reference L4; therefore, in
this paper i1t 1s necessary to make use of only these results and the
corresponding results for the conmstant vertical acceleration presented
previously in order to determine the first-order oscillatory coefficlents.

Flat-plate section.- The pressure difference in coefficient form is
glven by

ACP AC 94 AC
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where, from reference 4,

" qc¢ ‘_M]ﬂ lpl< m - Kya \}_{'

acyt = 2vw|_Mm‘Pum 1 - KIaBlEm)c et
sl _ &2

From equations (6) snd (13) expressions for the 1ift and pitching-
moment derivstives are glven, respectively, by

M- /B4 P
1/5151
cy +c1.=4—{_‘——(K +Ka§)cosa. +

y Mo [Pofafi
BM,, [P \2

2) cos o (1k)

and

L Mo fpoPs | f1
By M \oupo g(§ - e) — (15)

vhere (czq + cl&) is the value of the lift derivative for the pitch
£=0

axis located at the—lea.ding edge (¢ = 0). The parameter KIII appearing
in equetion (14) is

m—KIa.

= — (16
K11 l-KIa.Blaxn+KII )

The variation of this parameter with free-stream Mach number and angle
of attack is presented in figure 15.
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cy. t Cye
The veriation of —2——% or the normal-force derivative with
CO8 g
angle of atteck for free-stream Mach numbers are presented in figure 16
for the pitch axis located at the leading edge (¢ = 0). Illustrative
variations of the 1ift derilvative czq + cz& and the pitching-moment

derivative °mg * Cmg with angle of attack and with Mach number for

different locetions of the pitch axis are given in figures 17 to 20.
In order that the effect of thickness might be mede readily apparent,
Mzch number and angle-of-attack variastions of cmq + cm& for a T-percent-

thick wedge section have been prepered as figure 21. These same varia-
tione for the flat-plate wing are presented in figure 20. More extensive
variations of the various aserodynamic coefficients for the wedge section
are Introduced subsequently.

Wedge section.-~ The pressure-difference coefficlent, 1ift, and
pitching-moment coefficient for the wedge section performing & low-
frequency oscilletory motion are determined by the same procedure used
in obtaining these quantities for the wedge executing a constant verti-
cal acceleration. The pressure-difference coefficlent is

- ] &
ACP = ACP + ACP__

From reference 4, ACPq may be expressed as

q ge My /1P x )
ALY =4 = Y AE Ll x “~ + Kqat cos |51 +
vt (Mm P, 1L E T I ey

M
—c 292(5 -8 cos |3 (ag > |5l (17a
T 51) e, %o ) )
and
qQ _ ) 3¢ [(M3,P1P1 x
ACP = EV“ (M—OJ: DoP KIII -E- + KIB..E, cos |6| €=€1 +

MiPiPy o x . x |

TS o MIT T + Iag cos Iﬁl (G, <|id )

M0° Poopoo €E== E‘U_

(17v)
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This expression for ACPq of the wedge airfoil section i1s not exact but

is an excellent approximation of the correct linearized expression for
pressure difference due to pitching. The approximation arises from the
use for the wedge airfolil section of the pressure expressions for the
flat-plate airfoil section, that is, pitching about an axis located in
the plane of the plate. For the wedge section, however, the pitching
axis is not located in eilther plane of the wedge surface but is located
in the chord plane of symmetry. (See fig. 1.) The prescribed velocity
distribution along the wedge surfaces, therefore, is identical to the
prescribed velocity distribution along the surface of a flat plate
pitching eabout an axis that is displaced from the plane of the plate and
not about an axis located in the plane of the plate. This displacement
of the pitch axls produces small changes in the magnitude and inclination
of the surface velocity distribution and, hence, in the pressure distribu-
tion that 1s not accounted for by the application of the flat-plate pres-
sure expressions. For semiapex angles of the wedge that are 10° or less,
the effect of the pitching-axis displacement is negligible and equa-
tions (17) as stated previously are an excellent approximation to the
exact linearized pressure. For larger semiapex angles (say 159), equa-
tions (17) are still adequate for theoretical estimates of pressure due

to the pitching motion. From equations (10) for ACPG and equations (17),

the corresponding expressions for the 1ift and pitching-moment derivatives,
respectively, are as follows:

c1q + el = J%flJ%(KIH + K18t cos lsl)]cos(mo + |5|.) e, +
_ |
4}2"-—; %‘%% - & cos [B] - 25122) cos(ay, - 151)
C - €=€,
(ao > IB1) (18a)

- dk 1Pa
czq + ey = {}E;f%_iigi;GKIII.+ Kiaf cos |5[) coséxo + lslj} +

€=€l

L

o)
b—;l': Ml‘/ﬁ(KIII + K8 cos IS[) cos(lSl - a,o)

o oo . €= =€y

(o < 18]} (18b)
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and

_ M]1,Plpl ( 2 _
Cmq"'cmor,'EMm wpr & cos |8] - 5008]5[)

4Kyef cos [6|<-;_= - ¢ cos [al)] +

€=€1

Mo [PoPo 1 2 _
\} e KIII( o5, )(g cos [8] - 3755 Ial)

u_g-@z-_zg cos I5l(—-g cos [8[)] (0 > I51) (192)
ModBE\ €=€, _

Poooo

M, Ipp
+oep. =4 ALK os |B] - 2 -
cmq ‘mg, [ Mm\{Pmpm III(E cos |2} 3 cos [Bl

LKyat cos |5|<-12: -~ ¢ cos l‘éf)l +
=€

-1
_MA_L‘?;KI (gcoslbl- 2 )-
M |PoPe  IIT 3 cos }5|

4K1at cos |5|(% - £ cos |8_I):‘ (e < }51) | (19b)

€= = Eu

As indicated previously, the values of the derivatives at zero angle
of attack are equal to twice the values of these quantities determined for

the lower surface:

(c'Lq + czd) =8 ﬁlqp Q&II + KIag cos lal)cos (5]

a=0
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_ 2
(cmq ¥ q@i21=0 - (cnq ¥ Cn&)a;o<? cos |8l - 3 cos IB[) )
£=0

8Krat cos [6[(% - £ cos |5|)

Illustrative variations of the effect of wedge thickness for zero
angle of attack on the 1ift and pitching-moment derivatives are presented
in figures 22 to 2k. The effect of wedge thickness on the variation of
cmq + cp. with ahgle of attack for various Mach numbers is shown in fig-

a

ure 25. In this figure for the angle-of-attack range near zero, an
increase In thickness tends to decrease the pitching-moment coefficient
at the lowest Mach number but lncreases it at the higher Mach numbers.

At high angles of attack (@o > 200) and Mach numbers, increased thickness

results in a decrease in damping at a glven angle of attack.

An indication of the effect of angle of attack and thickness on the
pitching-moment neutral-stability boundary quq + cp., = O) can be obtained
o}

from figures 26 and 27, respectively. Increasing angle of attack or
increasing thickness tends to expand the range of Mach number and pitch-
axls locations for which pitching instability occurs (cmq + cq& > O).

In reference 4 it is shown that a good approximstion of cmq, the

steady-state part of the pitching-moment coefficient, can be obtained by
assuming that the effect of the shock on the perturbed flow can be neg-
lected. In addition, it was asssumed that the perturbed-flow components
could be expressed as the derivatives of a potential function, based upon
the unperturbed velocity V; of the shock flow along the lower surface

of the airfoil. These same assumptions were used in reference 4 to cal-
culate approximate values of cmd, the time-dependent part of the pitching-

monent coefficlent cmq + Cmy . A comperison of this approximation of Cmg,

with the more rigorous estimates presented herein is given in figure 28.

It is observed that the spproximate derivative predicts the variatlion of
the exact derivative with angle of attack for different Mach numbers,
although the accuracy of the approximation may be objectionable for refined
estimates of the pitching moment.

Possibly, a more accurate approximation to the linearized rotstional-
flow value of the pitching moment is the second-order solution developed
by Van Dyke in reference 8 which is compared with the rotational-flow
solution in reference 2. This comparison was for the neutral-stability
boundary at zero angle of attack of a wedge with a 5° semiapex angle and
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showed, for this wedge, excellent agreement between the second-order and
rotational-flow solutions.

CONCLUDING REMARKS

Calculations have been made for the effect of angle of attack and
wedge thickness on the aerodynamic coefficients of a wing performing a
plunging motion and rotary oscillations et very low frequencles in two-
dimensionsl flow. The results presented are for a range of angle of
attack, wing thickness, and Mach number for which the flow behind the
shock attached to the leading edge is everywhere supersonic, although
the effect of viscous separation at the finite angles of attack restricts
the validity of the results to a much smaller range of these parameters.

The results of the analysis and calculations show that for the flat-
plate section and wedge section of finite thickness, increasing Mach num-
ber, for a fixed angle of attack of the wing, decreases the positive
(destabilizing) values of the pitching-moment derivative cmq Cm;

and eventually causes the values of the derivative to become negatlve
(stabilizing). For a fixed Mech number, increasing the angle of attack
of the wing in the moderate and high angle-of-attack range decreasses the
negative value of the pitching-moment derivative. This effect becomes
more predominant with increasing wedge thickness and rearward movements
of the pltching-axis location.

The ranges of Mach number and pltch-axls location for which pitching
instabllity occurs are increased with an increase in angle of attack and
an lncrease in thickness.

Langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Lengley Field, Va., May 28, 1957.
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Pitch-axis
location

Pitch-axis 0]
/ location g

Flat-plate section Wedge section

(a) Coordinate-axis system used in analysis. Expressions for surface
presgsures are presented relative to this system; for wedge section,
the distance X 1s measured parallel to line of symmetry.

Wedge section

Flat-plate section

Pitch.axis location

(b) Positive directions of 1ift and pitching moment for flat-plate and
wedge sectlons.

Figure 1.~ Airfoil sections and axes systems.
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Figure 2.- Lower surface angle limitation for attached shock.
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for varlous angles of attack.
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Figure 20.- Illustrative variation of cmq + cpe with free-stream Mach

number for various angles of attack.
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Figure 23.-~ Illustrative variation of cmq + cpe of a wedge airfoil

with free-stream Mach number for various wedge locations. ay = O.
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Figure 25.- Concluded.
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Figure 24k.- Effect of wedge thickness on °mg * Cmg for various thick-

ness ratios and pitch-axls locations. a5 = 0.
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Figure 25.- Illustrative variation of cmq + oy of a wedge alrfoll with angle of attack for
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